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In this paper, a comprehensive comparative study on several existing vehicle–bridge interaction

(VBI) models is presented with the aim to provide a useful reference to the selection of vehicle

and bridge models when conducting the VBI simulation. A simply-supported slab-on-girder
highway bridge and the AASHTO HS20-44 vehicle are adopted in the numerical analysis. The

bridge is modeled as an Euler–Bernoulli beam, grillage, plate-and-beam system and solid-ele-

ment system, respectively, while the vehicle is modeled as a moving-force, moving-mass and
spring-damper-mass (SDM) system, respectively. Other factors, including the road roughness

and the contact condition between the vehicle tire and bridge, are also considered. The e®ects of

di®erent VBI models on the bridge responses are studied and the results from di®erent models

are compared in terms of their accuracy, e±ciency and suitability. The results show that the
accuracy of di®erent types of bridge responses calculated varies with the number of bridge

vibration modes used in the simulation. It is also found that the type of element used in the

bridge model and the vehicle tire model both have a larger impact on the bridge acceleration

than bridge de°ection.
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1. Introduction

In the past few decades, the dynamic interactions between moving vehicles and

bridges have been extensively studied. The maximum dynamic response of a bridge

induced by moving vehicles is usually larger than the maximum static response

subjected to the corresponding static vehicle loads. It is widely accepted that this

dynamic increment is in°uenced by many factors, including the bridge span length or

natural frequency, road surface roughness, vehicle suspension system, vehicle speed,

gross vehicle weight, etc. Due to the complexity of the vehicle–bridge interaction

(VBI) problem and the lack of ¯eld test data which are usually inconvenient and

expensive to obtain, many numerical models have been developed to simulate the

behavior of the VBI system. A VBI system generally contains three parts: the bridge

model, the vehicle model and the road roughness model.

Depending on the complexity, the bridge model can usually be categorized into

three groups. The one-dimensional (1D) models are the simplest and are usually

modeled as a single Euler–Bernoulli beam which ignores the torsional and transverse

vibration modes of the bridge.1–3 The two-dimensional (2D) models are usually

implemented with the grillage method4 or the four-node plate/shell elements.5,6 The

three-dimensional (3D) models generally adopt the eight-node solid elements7,8 or

are composed of an assemblage of shell and beam elements.9,10

The vehicle is generally simulated as one of the following: moving-force, moving-

mass, a spring-damper-mass (SDM) system and a full-scale ¯nite-element (FE)

model. The moving-force model, which is the simplest among all four vehicle models,

may produce dynamic bridge responses with satisfactory accuracy under certain

circumstances while the interaction between the vehicle and bridge cannot be con-

sidered. The moving-mass model can account for the inertia e®ect of the vehicle;

however, it fails to consider the bouncing action of the vehicle induced by the road

roughness.11 The widely-used SDM models overcome these drawbacks and simulate

the VBI more realistically while maintaining an acceptable level of complexity. In the

SDM models, vehicle bodies and axles are represented by rigid bodies with masses,

and all components are connected by springs and dampers. The SDMmodels can also

be classi¯ed into three groups according to their dimension and complexity. The 1D

model (also called the quarter vehicle model) only takes into consideration the ver-

tical movement of the vehicle axle and the vehicle body;12,13 the 2D model (also

called the half vehicle model) considers the motion in both directions in the vertical

plane;2,14 and the 3D model considers the motion in all three dimensions in the

space.5,7,15 Based on the type of contact between the bridge and vehicle tire, the SDM

models can be further classi¯ed into the single-point-contact (SPC) model and the

patch-contact or multiple-point-contact (MPC) model,16,17 where the latter takes

into account the more realistic contact behavior of the tire. Very sophisticated FE

vehicle models, in which the vehicle components are modeled by di®erent elements,

have also been used by some researchers. Nevertheless, this type of FE vehicle models

is not widely used due to their complexity and relatively low computational
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e±ciency, especially when the simulation of random tra±c °ow of large volume is

needed.18

Road roughness is recognized as one of the most important excitation sources in

the vehicle–bridge interacted vibrations. Some researchers considered the di®erence

of the roughness pro¯les in the transverse direction,5,6,19 while others assumed that

the roughness pro¯les are fully-correlated (FC).8

To date, little work has been devoted to compare the accuracy e±ciency and

suitability of di®erent VBI models comprehensively for di®erent circumstances. The

main purpose of this paper is therefore to provide researchers with a detailed cross-

comparison of the existing VBI models focusing on the in°uence on the bridge

responses. It is hoped that this paper can provide a better understanding of di®erent

VBI models and provide a comprehensive reference in selecting suitable models.

In this study, di®erent VBI models are ¯rst presented. The bridge is modeled by a

discretized Euler–Bernoulli beam, grillage, assemblage of shell and beam elements

and solid elements, respectively. The vehicle is modeled as a moving-force, moving-

mass and SDM model, respectively. The SDM model incorporates both the SPC and

MPC tire models. The road surface roughness is simulated by the power spectral

density (PSD) provided by ISO 8608,20 and both FC and partially-correlated (PC)

roughness pro¯les are considered. Di®erent types of bridge responses and the tire

contact forces are calculated and compared. The in°uence of di®erent components of

VBI models, including the bridge model, vehicle model and road roughness model, on

the behavior of the VBI system are studied focusing on the bridge responses. The

computational e±ciency of di®erent VBI models is also discussed.

2. Analytical Model

2.1. Bridge

A typical two-lane simply-supported slab-on-girder concrete bridge designed in ac-

cordance with the AASHTO speci¯cations is selected in the present study.21 The

bridge, consisting of ¯ve identical AASHTO Type-III girders with a girder spacing of

2.13m, has a span length of 24.384m, roadway width of 9.75m and bridge deck

thickness of 0.2m. The cross section of the bridge is shown in Fig. 1.

Four di®erent bridge models are created based on the geometry and material

properties of the bridge and are brie°y introduced below.

(i) The single-beam model: The entire bridge is modeled as a single discretized

Euler–Bernoulli planar beam in which each node is associated with three degrees

of freedom (DOFs), including two translational DOFs and one rotational DOF.

It is known that this model can only accurately deal with symmetric loading

cases.22

(ii) The grillage model: The entire bridge is modeled by longitudinal and transverse

Euler–Bernoulli beam elements using the grillage method.4 Each node of the
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beam element is associated with six DOFs, including three translational and

three rotational DOFs.

(iii) The shell-and-beam model: The bridge deck is modeled by shell elements while

the girders and diaphragms are modeled by beam elements.9,10 Each node of the

shell element is associated with ¯ve DOFs, including three translational and two

rotational DOFs, while each node of the beam element has six DOFs, including

three translational and three rotational DOFs.10

(iv) The solid-element model: The entire bridge is modeled with eight-node solid

elements, each node having three translational DOFs.7 The shape function of

the eight-node solid elements is linear for each translational DOF.

The theories for di®erent models can be found in the corresponding references and

will not be introduced in detail here. It should be noted that only the superstructure

is modeled while the abutments and columns are considered by setting appropriate

support conditions.

The natural frequencies and vibration mode shapes are often used when studying

the dynamic behavior of a bridge.23 Modal analysis is performed for the four bridge

models created and the results of the ¯rst four natural frequencies and corresponding

mode shapes are shown in Table 1. It can be seen that the ¯rst bending modes for all

four bridge models agree well with each other. However, small di®erence can still be

observed for some vibration modes, e.g. the second vertical bending mode and the

bidirectional bending mode, between di®erent bridge models.

2.2. Vehicle

The AASHTO HS20-44 truck, with static weights of 17.8, 71.2 and 71.2 kN for the

three axles, respectively, is used in the numerical analysis. The truck is modeled as a

moving-force, moving-mass and SDM vehicle model, respectively, as shown in

Figs. 2–4, respectively. Two di®erent tire models, i.e. the SPC and MPC tire models,

are used for the SDM truck model. For convenience, the corresponding SDM models

will be referred to as the SPC-SDM vehicle model and MPC-SDM vehicle model

Fig. 1. Bridge cross section and loading cases.
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hereafter, respectively. The MPC-SDM model is identical to the SPC-SDM model

except that each tire is modeled with multiple identical springs and dampers instead

of a single spring and damper in the SPC-SDM model with the purpose to simulate

the patch contact, which covers a length of 0.24m,5 between the tire and the road, as

illustrated in Fig. 5. Results from a sensitivity analysis show that using six springs

and dampers to model the tire can lead to satisfactory convergence of the dynamic

response of both the bridge and the vehicle.

The moving-force model consists of three or six constant axle forces which are

equal to the static axle or wheel weights of the corresponding SPC-SDM model. As

for the moving-mass model, the value of each mass is equal to the corresponding force

in the moving-force model divided by the acceleration of gravity, i.e. 9.81m/s2. The

spacings between the adjacent forces or masses are in accordance with the geometry

of the 3D SPC-SDM model shown in Fig. 4. The parameters of the 3D SDM model

Fig. 3. The moving-mass model.

Fig. 4. The SPC-SDM vehicle model for the HS20-44 truck under study.

Fig. 2. The moving-force model.
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with 11 independent DOFs are listed in Table 2.8 For the 2D single-beam model, the

parameters of the vehicle related to the lateral dimension (e.g. the rolling moment of

inertia) are either ignored or combined to deduce the planar SDM model, which has

only six independent DOFs but the same weight as the 3D SDM model.

(a) (b)

Fig. 5. The tire models: (a) SPC model; and (b) MPC model.

Table 2. The parameters of the SPC-SDM vehicle model for the HS20-44

truck under study.

Main parameters Value

Mass of truck body 1 (kg) 2612

Pitching moment of inertia of truck body 1 (kg�m2) 8543.88

Rolling moment of inertia of truck body 1 (kg�m2) 2021.52

Mass of truck body 2 (kg) 26,113

Pitching moment of inertia of truck body 2 (kg�m2) 181,216.3

Rolling moment of inertia of truck body 2 (kg�m2) 33,153.26

Mass of the ¯rst axle suspension (kg) 489.6
Upper spring sti®ness of the ¯rst axle (N/m) 242,604

Upper damper coe±cient of the ¯rst axle (N�s/m) 2189.56

Lower spring sti®ness of the ¯rst axle (N/m) 875,082

Lower damper coe±cient of the ¯rst axle (N�s/m) 2000
Mass of the second axle suspension (kg) 808.4

Upper spring sti®ness of the second axle (N/m) 1,903,172

Upper damper coe±cient of the second axle (N�s/m) 7882.44
Lower spring sti®ness of the second axle (N/m) 3,503,307

Lower damper coe±cient of the second axle (N�s/m) 2000

Mass of the third axle suspension (kg) 652.5

Upper spring sti®ness of the third axle (N/m) 1,969,034
Upper damper coe±cient of the third axle (N�s/m) 7181.78

Lower spring sti®ness of the third axle (N/m) 3,507,429

Lower damper coe±cient of the third axle (N�s/m) 2000

L1 (m) 1.698
L2 (m) 2.569

L3 (m) 1.984

L4 (m) 2.283
L5 (m) 2.215

L6 (m) 2.338

b (m) 1.1
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2.3. Road roughness

Road roughness is generally regarded as the most important source of excitation in

the VBI and can be included only when the SDM vehicle models are used. Road

roughness pro¯les can be represented with a zero-mean normal stationary random

process described by a PSD. Based on the work of Oliva et al.,6 two correlated

parallel road roughness pro¯les can be generated by

r1ðxÞ ¼
XN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gðn1iÞ�n

p
cosð2�n1ixþ �1iÞ; ð2:1aÞ

r2ðxÞ ¼
XN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðGðn1iÞ �Gxðn1iÞÞ�n

p
cosð2�n1ixþ �1iÞ

þ
XN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gðn2iÞ�n

p
cosð2�n2ixþ �2iÞ; ð2:1bÞ

nji ¼ nl þ ði� 1Þ�nþ j

2
�n; j ¼ 1; 2; i ¼ 1; 2; . . . ;N; ð2:1cÞ

where nji is the spatial frequency (cycle/m); �1i and �2i are two independent ran-

dom phase angles uniformly distributed from 0 to 2�; N is the number of the

frequencies between nl and nu, which are the lower and upper cut-o® frequencies,

respectively; �n ¼ ðnu � nlÞ=N is the frequency interval; Gð�Þ is the one-sided PSD

function speci¯ed in the ISO 8608 (m3/cycle)20; and Gxð�Þ is the cross-PSD which

describes the correlation of two road roughness pro¯les in the frequency domain

(m3/cycle).6

In this study, four road roughness classes, i.e. very good, good, average and poor,

based on the di®erent values of PSD, are selected to investigate the e®ect of the

(a) (b)

Fig. 6. (Color online) Average-class parallel road roughness pro¯les: (a) Roughness; and (b) one-sided

PSD.
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road surface condition (RSC) on the VBI.4 Meanwhile, both FC roughness pro¯les,

which can be generated by Eq. (2.1a), and the PC roughness pro¯les, which can be

generated by Eqs. (2.1a) and (2.1b), are taken into account. An example of two

PC average-class roughness pro¯les and their PSD are shown in Fig. 6.

3. VBI System

The equation of motion for a bridge can be written as

Mb½ � d
::
b

n o
þ Cb½ � d

:
b

n o
þ Kb½ � dbf g ¼ N½ �T Fbf g; ð3:1Þ

where ½Mb�, ½Cb� and ½Kb� are the mass, damping and sti®ness matrices of the bridge,

respectively; fdbg, fd
:
bg and fd::bg are the vectors of displacement, velocity and ac-

celeration of the bridge, respectively; ½N� is the shape function matrix of the bridge

deck elements; and fFbg is a vector of the wheel–bridge contact forces acting on the

bridge. The method for assembling the VBI system varies according to the di®erent

vehicle models used.

3.1. The moving-force model

When the vehicle is modeled as several constant forces, which can be directly

substituted into fFbg in Eq. (3.1), the motion of the vehicle is neglected, and the

terms ½Mb�, ½Cb� and ½Kb� in Eq. (3.1) are all time-independent. In this case, the

response of the bridge can be easily obtained by solving Eq. (3.1).

3.2. The moving-mass model

In addition to the gravity forces, the inertial forces of the masses in the moving-mass

model should also be included in the force vector fFbg acting on the bridge, as

expressed below:

fFbg ¼ � MvigþMvid
::
vi

n o
; ð3:2Þ

where Mvi is the mass of the ith mass; and d
::
vi is the acceleration of the ith mass.

Substituting this relationship into Eq. (3.1) and employing the relationship between

the displacement of the ith mass dvi and bridge displacement fdbg (See Ref. 24) yield
the following:

Mb þ
Xk
i¼1

Mvi Nif gT Nif g
" #

d
::
b

n o
þ Cb þ 2v

Xk
i¼1

Mvi Nif gT Nixf g
" #

d
:
b

n o

þ Kb þ v2
Xk
i¼1

Mvi Nif gT Nixxf g þ v
:Xk
i¼1

Mvi Nif gT Nixf g
" #

dbf g

¼ �g
Xk
i¼1

Mvi Nif gT ; ð3:3Þ
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where fNig, fNixg and fNixxg are the shape function related to the position of

the ith mass, and the ¯rst and second partial derivatives with respect to x (the

longitudinal direction of the bridge), respectively; v and v
:
are the speed and accel-

eration of the vehicle, respectively. Compared with Eq. (3.1), those new terms in

Eq. (3.3) are all time-dependent. These terms are calculated once the vehicle position

on the bridge is determined and are updated at each time step.

3.3. The SDM model

As mentioned before, the SDM vehicle model can account for the DOFs of the

vehicle. The vibrations of the vehicle and the bridge interact through the vehicle tires

which are simulated as springs and dampers. Using the displacement relationship

and the interaction force relationship at the contact points, the vehicle–bridge

coupled system can be established by combining the equations of motion of both the

bridge and the vehicle,7 as shown below:

Mb

Mv

" #
d
::
b

d
::
v

( )
þ Cb þ Cb�b Cb�v

Cv�b Cv

" #
d
:
b

d
:
v

( )

þ Kb þKb�b Kb�v

Kv�b Kv

" #
db

dv

( )
¼

Fb�r

Fv�r þ F G
v

( )
; ð3:4Þ

where the subscripts b, v and r denote the bridge, vehicle and road roughness,

respectively; fF G
v g is the vector of gravity force of the vehicle; and Cb�b, Cb�v, Cv�b,

Kb�b, Kb�v, Kv�b, Fb�r and Fv�r are due to the wheel–road contact forces, which are

all time-dependent and will change with the position of the vehicle on the bridge, and

thus should be updated at each time step.7,8 The only di®erence between the SPC-

SDM and MPC-SDM vehicle models lies in the terms related to the damping and

sti®ness of the vehicle tires in Eq. (3.4).

Based on the methodology described above, di®erent MATLAB codes have been

developed to simulate the VBI for di®erent bridge and vehicle models adopted. To

simplify the bridge model and therefore reduce the computational e®ort, the modal

superposition technique is used. The equations of motion of the VBI system are

solved using the Newmark-� method.25

3.4. Model validation

In order to validate the VBI methodology described in this paper, several benchmark

tests involving di®erent vehicle and bridge models used in previous studies have been

conducted. The moving-force and moving-mass problems are taken from Ref. 26 and

the SDM vehicle model with the single-beam bridge model is modeled according to

Ref. 13. Meanwhile, the results of the cases with the SDM vehicle model and the

bridge simulated as grillage, shell-and-beam and solid models, respectively, are

compared with the ¯eld test data from Ref. 27. The details of modeling are not

Q. Zou et al.
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presented here for the sake of brevity while further information can be found in the

reference papers. Figure 7 shows the bridge de°ection time histories at the mid-span.

A very close match can be observed between the results from the proposed methods

and those from the reference papers, indicating that the methodology developed in

this paper can accurately simulate the dynamic behavior of the VBI system.

4. Numerical Study

In this section, the in°uence of di®erent components of the VBI model, including the

bridge model, vehicle model and road roughness model, on the bridge responses is

(a) (b)

(c) (d)

Fig. 7. (Color online) Vertical displacement at the mid-span in the benchmark tests: (a) Moving-force

vehicle model and single-beam bridge model, v ¼ 5m/s; (b) moving-mass vehicle model and single-beam

bridge model, v ¼ 5m/s; (c) SDM vehicle model and single-beam bridge model, v ¼ 25m/s; and (d) SDM
vehicle model and the other three bridge models, v ¼ 17:88m/s.
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discussed separately. The bridge responses considered include the de°ection, bending

strain and vertical acceleration, which have been commonly selected in other stud-

ies.28 In addition, since the tire–bridge contact forces have a signi¯cant in°uence on

the local impact on the bridge deck and can be treated as the external forces to the

bridge, they are also taken into account in the related subsections.13

Two commonly used parameters in bridge design, i.e. the dynamic impact factor

(IM)29 and the dynamic load coe±cient (DLC),13 are also adopted. The IM has been

widely used to assess the bridge dynamic response, and is de¯ned as

IM ¼ Rd � Rs

Rs

; ð4:1Þ

where Rd denotes the maximum dynamic response and Rs denotes the maximum

static response. The DLC is used to indicate the magnitude of the dynamic axle loads

and is de¯ned as

DLC ¼ Pd � Ps

Ps

; ð4:2Þ

where Pd and Ps denote the maximum dynamic and static axle loads, respectively.

Before presenting the results of the dynamic responses, the results of quasi-static

responses of all girders are given in Table 3. These results were obtained under the

case in which each vehicle model crosses the corresponding bridge model at a

crawling speed (1.2 km/h) with perfectly smooth road pro¯le. It should be noted that

since unsymmetrical loading cases cannot be considered in the single-beam model, no

results of case 1 are reported for the single-beam model in Table 3. The results in

Table 3 show that di®erent bridge models exhibit great similarities for the quasi-

static de°ections of ¯ve girders under each case, indicating that these models are

statically equivalent. These results also reveal that di®erent vehicle models do not

cause a signi¯cant di®erence on the bridge de°ection at very slow vehicle speeds.

Very high IMs are usually observed for exterior girders (i.e. girder 1 and

girder 5)18 and these IM values have no practical meaning because they correspond

to small static and dynamic responses.29 Therefore, the girders that have the max-

imum static bridge response under the corresponding loading cases, i.e. girder 4

under case 1 and girder 3 under case 2, are selected for the result analysis of the IM.

4.1. E®ect of the bridge model

4.1.1. The number of bridge vibration modes

Since the modal superposition technique is adopted to obtain the bridge responses,

the contribution of each mode can be easily evaluated. The SPC-SDM vehicle model

and FC road roughness pro¯les are adopted here.

(i) De°ection of bridge: The ¯rst 60 modes are used to calculate the de°ection

of the bridge in this study. The results show that the ¯rst few modes contribute

the most to the bridge mid-span de°ection. For the grillage, shell-and-beam and

Q. Zou et al.
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solid-element models, the contribution of the ¯rst 10 modes account for around 97%

of the total de°ection. Take the solid-element model as an example for illustration.

Figure 8 shows the contribution of each mode to the total mid-span de°ection of

corresponding girder under cases 1 and 2, respectively. The distance between the

vehicle's ¯rst axle and the bridge entrance, instead of time, is used as the x-axis. If

the truck crosses the bridge along the right lane (case 1), all vibration modes will be

excited, as shown in Fig. 8(a). However, when the truck crosses the bridge along the

centerline of the roadway (case 2), all modes that are asymmetric about the cen-

terline are not excited. It is noted that mode 3, which is a bidirectional °exural mode,

accounts for a considerable proportion of the total response in case 2. Table 4 shows

the contributions of the bidirectional °exural modes of the three bridge models

(mode 4 for the grillage model, mode 3 for the shell-and-beam and solid-element

models) to the total mid-span de°ection under case 2 considering di®erent vehicle

speeds and RSCs. It can be seen that the largest contribution can reach nearly 20%.

For the single-beam model, the contribution of the ¯rst °exural mode usually

accounts for 99% of the total de°ection. These results show that even for the case

Table 4. Contributions of the bidirectional modes to the total mid-span de°ection under case 2 (%).

Grillage Shell-and-beam Solid-element

v (km/h) Poor Average Good Poor Average Good Poor Average Good

30 14.4 13.5 12.5 16.6 15.6 15.3 16.9 16.1 15.7

45 15.8 14.4 13.1 17.1 16.2 15.8 16.9 16.6 16.1

60 14.9 13.7 12.7 16.4 16.3 15.4 16.3 16.6 15.7

75 14.7 13.6 11.9 18.3 17.1 15.3 19.1 18.1 16.0

90 18.3 15.3 12.6 19.1 17.4 14.9 19.3 17.4 15.6

105 16.1 15.3 13.6 18.2 18.2 16.6 19.0 18.8 17.4

120 15.0 13.7 12.6 18.2 16.9 15.6 19.3 18.2 16.3

(a) (b)

Fig. 8. (Color online) Modal contributions to the total bridge de°ection with the SDM vehicle model

traveling at 60 km/h under good RSC (solid-element model): (a) Case 1; and (b) case 2.
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with the truck running along the centerline of the roadway, it is not su±cient to

model the bridge with a single beam since the contributions of the transverse modes

can be signi¯cant.10 In reality, the asymmetric modes can even be excited under the

symmetric loading scenarios due to the variation of the road pro¯le in the lateral

direction. Therefore, the single-beam model may not be able to predict bridge

responses with satisfactory accuracy, especially for bridges with large width-to-span

ratio and under asymmetric loading conditions.

(ii) Bending strain of bridge: Although employing the ¯rst few modes can usually

lead to su±ciently accurate prediction of bridge de°ection, incorporation of higher

modes is necessary to ensure the accuracy of the predicted bending strain of the

bridge. Figure 9 shows the contribution, in percentage, of each of the ¯rst 60 modes

to the maximum strain at the bridge mid-span for di®erent bridge models under

di®erent loading cases at a vehicle speed of 75 km/h. It can be seen that approxi-

mately 20 modes are required to reach su±ciently accurate prediction of the bending

strain for all three models (i.e. the grillage, shell-and-beam and solid-element models)

under the two loading cases considered. A careful examination reveals that the

(a) (b)

(c)

Fig. 9. (Color online) Modal contributions of the ¯rst 60 modes to the maximum mid-span bending strain

(75 km/h, average RSC): (a) Case 1; (b) case 2; and (c) single-beam model.
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highest peak lying between the 10th and 20th modes corresponds to the third vertical

°exural mode for all three di®erent bridge models, namely mode 16 for the grillage

model (39.92Hz), mode 14 for the shell-and-beam model (37.86Hz) and mode 18 for

the solid-element model (37.58Hz) (see zoom-in graphs in Figs. 9(a) and 9(b)). The

third vertical °exural mode is also obvious for the single-beam model, as shown in

Fig. 9(c).

(iii) Acceleration of bridge: Figure 10 depicts the PSD spectra of the vertical

acceleration of bridges at the mid-span under case 2 with an average RSC. The

¯rst peak observed in all ¯gures, which corresponds to a frequency around

4.5Hz, represents the fundamental vibration mode of the bridge. In addition, the

(a) (b)

(c) (d)

Fig. 10. (Color online) PSD spectra of the vertical accelerations at the mid-span of di®erent bridge
models under an average RSC: (a) Single-beam; (b) grillage; (c) shell-and-beam; and (d) solid-element.

Q. Zou et al.

1550057-16



discrepancies of acceleration in the frequency domain between the single-beam and

the other three bridge models are appreciable. For the single-beam model, periodic

peaks can be observed in Fig. 10(a), which is quite di®erent from the other three

bridge models. Those peaks correspond to the symmetric vertical bending modes of

the beam and their magnitudes diminish with the increase of the order of frequen-

cy.11 A convergence test is conducted for the acceleration in which the number of

modes used is gradually increased until the relative variation of the maximum ac-

celeration is within 10%. The result shows that the modes with frequencies up to

340Hz, which corresponds to the 17th mode, are needed. For the other three bridge

models, on the other hand, several distinctive peaks can be identi¯ed. It is seen that

the second peak, which is also the dominant peak, of the three models generally

occurs around a frequency between 11Hz and 12Hz in Fig. 10(b)–10(d), which

corresponds to the bidirectional °exural mode. This indicates the importance of the

transverse modes in the symmetric loading cases once again. The third peak, which

is close to the second peak, can be attributed to the second axle hopping mode

(13.87Hz) of the 3D SDM vehicle model. Meanwhile, as for the single-beam model, it

can be seen that compared with the calculation of de°ection and bending strain,

more high-frequency modes are required to guarantee the accuracy of the calculated

bridge acceleration. To be more speci¯c, high peaks are still present at a high fre-

quency around 103Hz (43rd overall mode) for the grillage model, 83Hz (46th overall

mode) for the shell-and-beam model and 74Hz (47th overall mode) for the solid-

element model, as indicated in Fig. 10.

4.1.2. Contact forces

This sub-subsection only focuses on the e®ect of the bridge model on the contact

forces while the di®erence in bridge responses due to di®erent bridge models is

discussed in other sections. Due to the fact that the forces are assumed to be

constant in the moving-force model, which means that the DLC always equals to

zero, only the other two vehicle models are discussed here. The rear axle, which is

the heaviest axle of the vehicle, is used to calculate the DLC. Figure 11 shows the

DLCs of two vehicle models with di®erent bridge models under case 2. Di®erent

patterns of variation of DLC with the increase of vehicle speed are observed between

the moving-mass model and the SDM vehicle model. The bridge models make a

notable di®erence to the DLC when the moving-mass model is used. For the solid-

element bridge model, the DLC almost remains a constant under the varying vehicle

speed; while for the other three bridge models, the DLC varies signi¯cantly with the

increase of the speed, generally following an ascending trend. This can be explained

by examining the governing equation of motion for the moving-mass problem, where

the coupling term in the sti®ness matrix is presented as v2
Pk

i¼1 MvifNigTfNixxg in

Eq. (3.3).24 This term is not only proportional to the square of vehicle speed, which

indicates that the increase of vehicle speed distinctively enlarges the contact force,

but also a®ected by fNixxg, the second-order derivative of the shape function, which
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depends on the type of element used in the bridge model. For the bridge with solid

elements, the second-order derivative of the shape function, which has a tri-linear

form, equals to zero. In contrast, the second-order derivative of the shape function

for the other three bridge models, which has the form of cubic polynomial, is a linear

function. Therefore, the DLC of the moving-mass model with the solid-element

bridge model is less sensitive to the variation of the vehicle speed than those with

the other bridge models. On the contrary, when the SDM vehicle model is used,

the DLCs with di®erent bridge models display a very similar pattern, as shown in

Figs. 11(b) and 11(c).

(a) (b)

(c)

Fig. 11. (Color online) DLCs of two vehicle models with di®erent bridge models under case 2: (a) Moving-

mass vehicle model under perfectly smooth RSC; (b) SPC-SDM vehicle model under perfectly smooth

RSC and FC condition; and (c) SPC-SDM vehicle model under poor RSC and FC condition.

Q. Zou et al.
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4.2. E®ect of the vehicle model

4.2.1. Moving-force, moving-mass and SPC-SDM vehicle models

In order to fairly compare the e®ects of di®erent vehicle models on the dynamic

responses of bridges, theRSC is initially assumed to be perfectly smooth. Furthermore,

case 2 is chosen as the loading case in order to draw a fair comparison between the

single-beam model and the other three bridge models. Figure 12 displays the IMs of

the four bridge models under di®erent vehicle models traveling at di®erent speeds.

The following can be observed from Fig. 12: (i) All IMs are relatively small due to

the smooth RSC, although that the IMs of the single-beam model are slightly larger

than those of the other models; and (ii) the IMs vary with vehicle speed and

the di®erence of IMs between di®erent vehicle models can be distinctive with the

increase of the vehicle speed, which agrees with the previous ¯ndings.30,31

(a) (b)

(c) (d)

Fig. 12. (Color online) IMs of four bridge models under case 2 and perfectly smooth RSC: (a) Single-beam;

(b) grillage; (c) shell-and-beam; and (d) solid-element.
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Depicted in Fig. 13 are the root-mean-square (RMS) values of vertical accelera-

tion of di®erent bridge models under case 2 with di®erent vehicle models. It can be

seen that the variation of bridge acceleration with vehicle speed for each particular

bridge shows a similar trend among di®erent vehicle models. However, di®erent

trends are observed between di®erent bridge models and the RMS values of bridge

acceleration also vary between di®erent bridge models.

4.2.2. SPC-SDM and MPC-SDM vehicle models

Figure 14 illustrates the IMs of the four bridge models under case 2 with SPC-SDM

and MPC-SDM vehicle models. FC road roughness pro¯les are assumed. Similar

variation trends of IM with vehicle speed can be observed among di®erent bridge

(a) (b)

(c) (d)

Fig. 13. (Color online) RMS values of vertical acceleration of the bridge models under case 2 and perfectly
smooth RSC: (a) Single-beam; (b) grillage; (c) shell-and-beam; and (d) solid-element.

Q. Zou et al.
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models. In addition, it can be seen that the IMs induced by the SPC-SDM

vehicle model are slightly larger than those induced by the MPC-SDM vehicle

model.

Figure 15 shows the RMS values of the vertical acceleration of di®erent bridge

models under case 2 with SPC-SDM and MPC-SDM vehicle models. The accelera-

tion of the single-beam model is smaller than the accelerations of the other models.

By comparing Fig. 15 with Fig. 14, it can be observed that although the di®erence in

the IMs induced by the SDM vehicle models with di®erent tire models is negligible,

the di®erence in the bridge accelerations can be considerable. The MPC tire model

leads to smaller bridge acceleration compared with the SPC tire model, and the

discrepancy increases when the RSC becomes worse, as illustrated by Fig. 15.

(a) (b)

(c) (d)

Fig. 14. (Color online) IMs of the four bridge models under case 2 with two SDM vehicle models:

(a) Single-beam; (b) grillage; (c) shell-and-beam; and (d) solid-element.
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4.3. E®ect of the road roughness model

Figures 16 and 17 illustrate the IMs of de°ection and the RMS values of the vertical

acceleration of the three bridge models, respectively, under FC and PC roughness

conditions. Signi¯cant di®erence can be easily observed between the results under

the FC and PC conditions and this di®erence increases as the RSC becomes worse.

To further investigate the e®ects of correlation of the roughness pro¯les on bridge

responses, the average IMs for di®erent vehicle speeds are obtained and the IMs of

di®erent bridge models under di®erent RSCs are summarized in Table 5. It can be

seen that when the FC roughness condition is used, all IMs of the four bridge models

under poor RSC exceed the value of 0.33, that is speci¯ed in the AASHTO LRFD

(a) (b)

(c) (d)

Fig. 15. (Color online) RMS values of vertical acceleration of di®erent bridge models under case 2 with
the SPC-SDM and MPC-SDM vehicle models: (a) Single-beam; (b) grillage; (c) shell-and-beam; and

(d) solid-element.
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code32; while the results under the PC roughness condition are all below 0.33. Thus,

using FC condition in the numerical simulation may overestimate the dynamic

responses of the bridges. The IMs under the FC conditions can be greater than those

under the PC conditions by more than 0.1 under poor RSC, as shown in Fig. 16 and

Table 5.

5. Computational E±ciency

Table 6 lists the computation times of di®erent VBI systems under case 2 and per-

fectly smooth RSC. It should be mentioned that based on the results and discussion

in Sec. 4.1.1, the ¯rst 20 bridge vibration modes are used to calculate the responses of

(a) (b)

(c)

Fig. 16. (Color online) IMs of bridge de°ection models under case 2 considering the correlation of road
roughness pro¯les (MPC-SDM vehicle model): (a) Grillage; (b) shell-and-beam; and (c) solid-element.
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(a) (b)

(c)

Fig. 17. (Color online) RMS values of bridge vertical acceleration under case 2 considering the correlation
of road roughness pro¯les (MPC-SDM vehicle model): (a) Grillage; (b) shell-and-beam; and (c) solid-

element.

Table 5. Average IMs of di®erent bridge models under di®erent RSCs (SPC-SDM

vehicle model, case 2).

IM

Single-beam Grillage Shell-and-beam Solid-element

RSC Single track FC PC FC PC FC PC

Smooth 0.038 0.033 — 0.033 — 0.032 —

Very good 0.058 0.056 0.051 0.053 0.048 0.052 0.047

Good 0.096 0.097 0.076 0.093 0.072 0.091 0.072

Average 0.177 0.191 0.154 0.175 0.145 0.174 0.143

Poor 0.352 0.376 0.278 0.360 0.260 0.353 0.260
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the single-beam bridge model while the ¯rst 60 modes are used for the other three

bridge models. The time step adopted in the Newmark-� method is set to 0.001 s and

the vehicle speed is set to 60 km/h. The MATLAB programs run on a PC with a 3.5-

GHz 6-core CPU and 64-GB RAM. It can be seen that the single-beam bridge model

requires the least computational e®ort under all circumstances due to its minimum

number of DOFs, while the shell-and-beam bridge model is the least e±cient due to

the complex shape functions used in the calculation of the time-dependent terms

when the moving mass and SDM vehicle models are used. Although the grillage

model seems the most computationally-e±cient model when used together with the

SDM vehicle model, it needs more preprocessing work, i.e. calculating the moments

of inertia and torsion constants of the equivalent longitudinal and transverse beams.

The solid-element bridge model, on the other hand, can achieve a good balance

between the accuracy and e±ciency in this study. Meanwhile, as expected, the SDM

vehicle model requires the most computational e®ort, followed by the moving-mass

model, and then the moving-force model, due to the relative complexity of the

coupled equations of motion for di®erent vehicle models.

6. Concluding Remarks

A comprehensive comparative study on several existing VBI models is conducted.

The theories of di®erent VBI models are ¯rst presented. A simply-supported bridge is

adopted and is modeled by a discretized Euler–Bernoulli beam, grillage, assemblage

of shell and beam elements and solid elements, respectively. The vehicle is modeled as

a moving-force, moving-mass and SDM model, respectively. Di®erent tire models,

namely the SPC and MPC tire models, and the correlation of the roughness pro¯les

are also considered. The in°uence of di®erent components of VBI models, including

the bridge model, vehicle model and road roughness model, on the bridge responses is

studied, and the results from di®erent models are compared. The main conclusions

are summarized as below:

(i) Accurate prediction of di®erent bridge responses requires a su±cient number of

bridge vibration modes to be used in the numerical simulation. Low-order modes

dominate the bridge de°ection while bending strain and acceleration of the

bridge are more sensitive to high-order modes than bridge de°ection. It should

Table 6. Computation times of di®erent VBI systems

under case 2 and perfectly smooth RSC (60 km/h) (unit: s).

Vehicle model

Bridge model Moving-force Moving-mass SDM

Single-beam 0.98 2.58 4.98

Grillage 2.02 5.98 21.35

Shell-and-beam 2.08 6.19 179.77

Solid-element 1.92 5.65 95.16
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be noted that even under symmetric loading conditions, the contribution

of the transverse modes to the bridge displacement and acceleration can be

signi¯cant.

(ii) The grillage, shell-and-beam and solid-element bridge models yield similar

de°ections with small di®erence under the vehicle loading considered in this

study. It is found that despite the neglect of the lateral distribution of the vehicle

load, the single-beam model can still be used to predict the IMs of the bridge

under the symmetric loading without introducing excessive deviations. Mean-

while, the predicted bridge acceleration varies among di®erent bridge models. It

is noteworthy that the shape function of the bridge deck elements plays a critical

role in calculating the contact force when using the moving-mass vehicle model.

(iii) When RSC is smooth or very good, di®erent vehicle models (moving-force,

moving-mass and SDM models) yield slight discrepancy in the predicted bridge

de°ection at low vehicle speeds. Nonetheless, this di®erence can become

appreciable at high vehicle speeds.

(iv) The correlation of the roughness pro¯les can have a signi¯cant in°uence on the

VBI. Assuming full correlation of the road roughness pro¯les will yield larger

bridge dynamic responses.

(v) The single-beam bridge model requires the minimum computational e®ort,

while the shell-and-beam model is the least e±cient due to the complex shape

functions used in the calculation. The grillage bridge model is computationally-

e±cient but needs more preprocessing work for determining the parameters of

the model. The solid-element bridge model can achieve a good balance between

the accuracy and e±ciency.
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